We study the procedure for sequential unambiguous state discrimination. A qubit is prepared in one of two possible states, and measured by two observers Bob and Charlie sequentially. A necessary condition for the state to be unambiguously discriminated by Charlie is the absence of entanglement between the principal qubit, prepared by Alice, and Bob's auxiliary system. In general, the procedure for both Bob and Charlie to recognize between two nonorthogonal states conclusively relies on the availability of quantum discord which is precisely the quantum dissonance when the entanglement is absent. In Bob's measurement, the left discord is positively correlated with the information extracted by Bob, and the right discord enhances the information left to Charlie. When their product achieves its maximum the probability for both Bob and Charlie to identify the state achieves its optimal value.
I. INTRODUCTION
It is always interesting to uncover non-trivial roles of quantum correlations contained in a composite quantum system in quantum information processing. These correlations originate from quantum coherent superposition and have been widely studied in various perspectives, such as quantum entanglement [1] , Bell nonlocality [2] , quantum discord [3, 4] , and so on. Quantum entanglement was believed to be the only key resource in quantum information processing. However, recent developments [5, 6] demonstrated that, the algorithm for deterministic quantum computation with one qubit (DQC1) can surpass the performance of its corresponding classical algorithm in the absence of quantum entanglement between the the control qubit and a completely mixed state. The quantum discord is considered as a main reason for the advantage of the process of DQC1 without entanglement, and thereby has gained wide attention in recent years [7] [8] [9] . Particularly, a new measure of correlation in a bipartite quantum system called quantum dissonance has been introduced which can be expressed by a unified view of quantum correlations based on the relative entropy [7] and be regarded as the entanglement-excluded nonclassical correlation. The quantum dissonance of a separable state (with zero entanglement) is exactly equal to its discord. Therefore, the quantum discord between the control qubit and the input state in DQC1, which plays a key role in the computational process, is nothing but the quantum dissonance.
The quantum algorithm in DQC1 is not the unique case where the quantum dissonance serves as a key re- * Physical Review A 88, 052331, (2013). † Corresponding author: flzhang@tju.edu.cn ‡ Corresponding author : chenjl@nankai.edu.cn source. Roa et. al. [10] found that when two nonorthogonal states are prepared with equal a priori probabilities, the quantum dissonance is the only quantum correlation, which is required for performing optimal unambiguous quantum state discrimination with the assistance of an auxiliary qubit. Immediately afterwards, Zhang et. al. [11] proved that the quantum entanglement in a more general protocol was completely unnecessary as it can be zero for the arbitrary a priori probabilities. These results indicate that the procedure for assisted optimal state discrimination (AOSD) is the second example after DQC1 that can be implemented successfully, aided only by quantum dissonance rather than entanglement.
Unambiguous discrimination among linearly independent nonorthogonal quantum states is a fundamental problem both in quantum mechanics and quantum information theory [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In its simplest form, the task of observer Bob is to determine, with no error permitted, what the state of the qubit is, which is prepared by Alice in one of two known states, |ψ 1 or |ψ 2 . Since |ψ 1 and |ψ 2 are not orthogonal, the distinction may sometimes fail as the the price to pay for no error. Consequently, Bob's measurement has three possible outcomes, |ψ 1 , |ψ 2 , and inconclusive.
In their very recent work [23] , Bergou et. al. developed a theory of nondestructive sequential quantum measurements based on the unambiguous quantum state discrimination. It originated from the topic of extracting information from a quantum system by multiple observers [24] [25] [26] . Namely, they added another observer Charlie who also performed an unambiguous discrimination measurement on the same qubit after Bob's measurement. As a scenario typical in secure quantum communication strategies, Alice, Bob, and Charlie can do any pre-measurement conspiracy, but no classical communication is allowed after Bob's measurement. The probability for both Bob and Charlie to identify the state is found with a nonzero value. The probability that Char- lie's measurement succeeds, which quantifies the information about the state Alice sent is left in the qubit after Bob's measurement, depends on the overlap between the two possible states that Bob's measurement leaves in the qubit.
A two-state quantum system, or qubit, can be represented by a two-dimensional Hilbert space. A threedimensional Hilbert space is required to implement an optimal procedure of unambiguous discrimination between two nonorthogonal states [17] . The observers have to introduce ancillary systems to increase the dimension of the Hilbert space [17] . This leads to a natural question: What kinds of correlations, entanglement, quantum discord, or dissonance, serve as a key resource, especially for the information left by Bob for Charlie to measure, in sequential state discrimination? The original results in [23] were derived in the positive-operator-valued measure (POVM) formalism. In this work, we present a realization of the protocol in [23] by using the language of system ancilla and study the roles of correlations in the procedure.
II. SEQUENTIAL STATE DISCRIMINATION
In Fig. 1 , we show the procedure for sequential state discrimination. Alice sends a qubit A to Bob prepared in one of two nonorthogonal states, |ψ 1 or |ψ 2 . Bob has an auxiliary qutrit B with the initial state |0 b . Performing a joint unitary transformation U b between A and B, Bob obtains the composite system in the states
where {|0 b , |1 b , |2 b } is the basis for the ancilla, and |χ 1,2 and |φ 1,2 are pure states of A. For the input state |ψ i (i = 1, 2), Bob's discrimination is successful if his ancilla collapses to |i b , and the system qubit A collapses to |φ i simultaneously. Otherwise, the process fails when the projection is onto |0 b , and A to |χ i . The a priori fixed overlap ψ 1 |ψ 2 does not change due to the joint unitary transformation. Thus the postmeasurement states (failure states) |χ i satisfy the constraint q b 1 q b 2 χ 1 |χ 2 = ψ 1 |ψ 2 . Without loss of generality, we take the a priori overlap s = ψ 1 |ψ 2 to be real (0 ≤ s ≤ 1) in the present work. As the simplest case, we assume that the two nonorthogonal states |ψ i (i = 1, 2) are prepared with equal a priori probabilities. Then, for a given value of χ 1 |χ 2 = t, the maximal success probability of Bob is attained for q
After Bob's measurement, the qubit A is sent to the second observer Charlie. We assume that Charlie knows exactly what type of measurement Bob has performed, which is a necessary condition for Charlie to perform unambiguous discrimination. In addition, the states sent to Charlie to be discriminated must be linearly independent. Since the Hilbert space of a qubit is two dimensional, Charlie can only discriminate between two possible pure states. This requires Bob's post-measurement states |χ i = |φ i . Therefore, if Alice sent |ψ i (i = 1, 2), Charlie will receive |φ i , whether Bob's measurement succeeded or not. Then, the states in Eq. (1) become
where
The unitary transformation has the form as
where |ψ i = |ψ i − |ψ j ψ j |ψ i are the components of |ψ i that orthogonal to |ψ j with i = j and i, j = 1, 2, and V denotes the terms operating on the subspace of {|1 b , |2 b }. Here, one can obtain the POVM formalism in [23] . The detection operators on the system qubit are A Charlie makes a similar joint unitary operation U c between the qubit A from Bob and his auxiliary qutrit C as Eq. (1) with the parameters q c 1 and q c 2 , followed by a von Neumann measurement on C. His optimal success probability of unambiguous discrimination occurs when his two post-measurement states for the inconclusive outcomes are the same and q c 1 = q c 2 = t. The optimal success probability can be expressed as
It is negatively related to Bob's success probability P b in Eq. (2). Its maximum P c = 1 − s corresponds to P b = 0, and minimum P c = 0 corresponds to the maximal value of P b = 1 − s. These indicate that the quantum information carried by the qubit A is finite, and the overlap t quantifies how much information about the state Alice sent is left in the qubit after Bob's measurement.
The probability for both Bob and Charlie to identify the state is
The two unitary transformations U b,c lead to two constraints q b 1 q b 2 t = s and q c 1 q c 2 ≤ t. The analysis of the optimal value of P bc can be divided into two cases: (i) 
In case (i), the two states prepared by Alice are equally important in their protocol. But the lack of quantum information in qubit A leads to a symmetry breaking in case (ii), where Bob and Charlie conspire to ignore one of the states 1 .
III. QUANTUM CORRELATIONS
In the procedure, the auxiliary systems B and C play the role of quantum detectors, whose couplings with A are key parts in the implementation of sequential state discrimination. We now answer the question mentioned about what kind of quantum correlation between A and B or A and C allows performing sequential state discrimination. The discrimination probability of one observer is independent of the choice of the post-measurement states, which are corresponding to the successful outcomes as shown by Eqs. |χ i , Bob has the system-ancilla state
which has a separable form obviously. Hence, the oneobserver state discrimination process can be performed when the entanglement is absent. In addition, the separable state (7) precisely accords with the condition of Charlie's discrimination. In other words, the entanglement between A and B is not only unnecessary for Bob's recognition, but also an obstacle for the next observer Charlie.
The previous analysis prompts us to explore which correlation makes a positive effect on the procedure of sequential state discrimination. The recent developments on the state discrimination assisted with an auxiliary qubit [10, 11, 27] inspired us to consider quantum dissonance as a candidate. The dissonance of state (7) is exactly equal to its discord while the entanglement is not allowed.
Quantum discord was presented based on the viewpoint that the total correlation in a bipartite system is divided into classical part and nonclassical one [3, 4] . The total correlation for a bipartite state ρ AB is defined as its quantum mutual information I(ρ AB ) = S(ρ A ) + S(ρ B ) − S(ρ AB ), where S(ρ) is the von Neumann entropy and ρ A and ρ B are two reduced states. The classical correlation of the bipartite state is given by J(ρ AB ) = sup {E k } {S(ρ A ) − k p k S(ρ A|k )}, where p k = Tr(I A ⊗ E k ρ AB ) are the probabilities for outcomes E k , ρ A|k are the partial projections ρ A|k = Tr B (I A ⊗ E k ρ AB )/p k , and the supreme is taken over all the von Neumann measurement sets {E k } applied on subsystem B. They are the quantum generalizations of two equivalent expressions for the classical mutual information, and quantum discord is defined as the difference between them,
It is a non-symmetrical quantity. Similarly one can define the quantum discord D(ρ BA ) where one optimizes over measurement sets on subsystem A. In this work, we call D(ρ AB ) as right discord and D(ρ BA ) as left discord according to [28] . A zero-right-discord two-qubit state is of the form ρ AB = p + ρ + ⊗ |ψ + ψ + | + p − ρ − ⊗ |ψ − ψ − | ,where ρ ± are two density matrices for subsystem A, p ± are nonnegative numbers such that p + + p − = 1 and the two pure states of B satisfy | ψ + |ψ − | = 1 or 0 [28] . The same conditions also exist for the left discord. In state (7), the overlap η 1 |η 2 = s/t corresponds to the successful probability of Bob's measurement, and φ 1 |φ 2 = t for the state discrimination of the next observer Charlie. One can easily find that the two discords are zero simultaneously when η 1 |η 2 = 0 or φ 1 |φ 2 = 0. These suggest that the information extracted by Bob or Charlie from the qubit A is influenced by both the left and the right discords.
Since the state ρ AB has rank two, its discords can be derived analytically by using the Koashi-Winter identity [29] . It can be written as a reduced state of the tripartite pure state
where we have introduced a fictitious qubit D with ba-
is the entanglement of formation [30] between the principal system A and the qubit D. Its explicit expression is
, τ ABD is the residual tangle (three-tangle) [31] of the tripartite state (9) , and τ A (similarly for τ B and τ D ) is the tangle between A and BD. They are given by
where we have set r = s/t = η ference between the two discords
and a symmetrized discord
In Fig. 2 , we show the relation between the relative difference and the success probability P b or P c when the other is fixed. For a given amount of P c , when P b approximates 0, the left discord D(ρ BA ) is less than the right one D(ρ AB ). As P b increases, the relative difference D ∆ grows accordingly. When P b → 1, only the left discord exists in the state ρ AB . Hence, the information extracted by Bob from the qubit A is enhanced by the left discord of ρ AB , but suppressed by the right one. The same analysis indicates that the right discord is positively correlated with the information left about the state Alice sent after Bob's measurement, and the left discord has the opposite effect. We also find that, for a fixed a priori overlap s = ψ 1 |ψ 2 , the symmetrized discord D symm achieves its maximum when t = √ s, where occurs the optimal probability for both Bob and Charlie to identify the state. Also, as shown in Fig. 3 , for a given power function relation between t and s, there are two cases for which a classical state appears: (i) two orthogonal states for which the discrimination procedure becomes a von Neumann measurement and (ii) two parallel states for which the information sent by Alice is zero. Consequently, the symmetrized discord in state (7) depends on the following factors: (a) the quantum information sent by Alice, (b) the joint probability for discriminations of Bob and Charlie, and (c) the deviation of their discrimination procedures from a von Neumann measurement.
IV. SUMMARY
We study the sequential unambiguous state discrimination by using the language of system ancilla and explore the roles of quantum correlations in the procedure. We find that in the unambiguous discrimination of a single observer the entanglement between the principal qubit and the ancilla is unnecessary. In addition, the absence of entanglement is a necessary condition for the state to be unambiguously discriminated by the next observer. In general, the procedure for both Bob and Charlie to recognize between two nonorthogonal states conclusively relies on the availability of quantum discord which is precisely the quantum dissonance when the entanglement is absent.
The left discord in Bob's measurement enhances the information extracted by Bob and suppresses the information left to Charlie. The role of the right discord is just the opposite. The symmetrized discord defined as the square root of their product in Eq. (13) is positively correlated with the factors: the joint probability for discriminations of Bob and Charlie, the quantum information sent by Alice, and the deviation of their discrimination procedures from a von Neumann measurement.
